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Abstract
In addition to previous publications, the paper presents the analytical solution of a special boundary value
problem which arises in the context of elasticity theory for an extended constitutive law and a non-conservative
symmetric ansatz. Besides deriving the general analytical solution, a specific form for linear boundary conditions
is given for user convenience.
1 Introduction
As this work is part of the study on analytical solutions of rotationally symmetric problems of elasticity that
evolve when considering the state of (mechanical) equilibrium (of a solid body) as done in [1, 2], the derivation
of the solution is structured very similarily and can – in that sense – be considered an addendum of these
previous releases. However, the difference evolves from the alternated symmetric approach as shown below,
thus, leading to a complemental solution of the problem.
1.1 Motivation
The present paper focuses on the analytical solution of such rotationally symmetric boundary value problems
(BVPs) that evolve for the case of no external load when using an extended constitutive law of thermoelastic
form [1]
σij = K
(
εkk − εth
)
δij + 2G
(
εij −
1
3
εkk δij − εplij
)
, with i, j = 1, 2, 3 (1)
and a rotationally symmetric ansatz for ~u. K,G, εth ≡ εthkk and ε
pl
ij in (1) denote given material-dependent
parameters of real value (K,G > 0), while δij indicates the Kronecker symbol.
Due to rotational symmetry, the above BVP is transformed into cylindrical coordinates (r, ϕ, z) (see [3] for
details). A symmetric approach of
~u(r, z)
!
= ur(r)~er + uϕ(r, z)~eϕ + uz(z)~ez (2)
for ~u is used with its explicit components – satisfying the reduced system of PDEs [3] – to be found. This leads
to an equation of the form
0 = r2
∂2
∂r2
uϕ(r, z) + r
∂
∂r
uϕ(r, z)− uϕ(r, z) + r2
∂2
∂z2
uϕ(r, z)− 4 εplrϕ r (3)
for the second component of ~u, i.e. uϕ, for special boundary conditions (BCs). Here, ε
pl
rϕ is a given real-valued
parameter taking into account the amount of radial-axial shear. Hence, it is the aim of the present paper to
study the solution of the evolving equation (3).
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1.2 Inhomogeneous boundary value problem
Regarding (3), the linear, elliptic, inhomogeneous partial differential equation (iPDE)
r2
∂2
∂r2
uϕ(r, z) + r
∂
∂r
uϕ(r, z)− uϕ(r, z) + r2
∂2
∂z2
uϕ(r, z) = 4 ε
pl
rϕ r, ∀(r, z) ∈ D := (0, ra)× (0, L) (4)
is considered for the real solution uϕ : D → R1 with given real parameters ra, L > 0. Furthermore, the corre-
sponding set of inhomogeneous boundary conditions (iBCs) is given in form of Dirichlet-type BCs by
uϕ(ra, z)
!
= Φ1(z), ∀z ∈ (0, L) (5)
uϕ(r, 0)
!
= Ψ0(r), ∀r ∈ [0, ra] (6)
uϕ(r, L)
!
= Ψ1(r), ∀r ∈ [0, ra] (7)
with given real functions Φ1, Ψ0 and Ψ1 that are not specified further at this point for generality reasons. Thus,
(4) and (5)–(7) establish an inhomogeneous boundary value problem (iBVP) to be solved.
Remark: By analogy with [1, 2], the iBVP above does not lack a BC for r = 0 as apparent at first sight.
2 Results
For abbreviative purposes, the iPDE (4) is re-written as
r2 u′′ϕ(r, z) + r u
′
ϕ(r, z)− uϕ(r, z) + r2 üϕ(r, z) = 4 εplrϕ r, ∀(r, z) ∈ D (8)
with the symbolic abbreviations (·)′ := ∂∂r (·) and ˙(·) :=
∂
∂z (·). In the following, the analytical solution of the
iBVP, i.e. iPDE (8) with iBCs (5)–(7), is derived using the Fourier series approach based on the separability
of the form
uϕ(r, z)
!
= R(r) · Z(z), ∀(r, z) ∈ D (9)
with real functions R : [0, ra]→ R1 and Z : [0, L]→ R1.
By analogy with [1], the analytical solution for the iBVP given above results from the three – yet unknown –
(real) partial solutions uϕ,i(r, z), i = I, II, III by [4]
uϕ(r, z) =
III∑
i=I
uϕ,i(r, z), ∀(r, z) ∈ D. (10)
Here, these partial solutions denote:
1. solution uϕ,I(r, z) of the respective homogeneous PDE (hPDE) with iBCs in r, but homogeneous BCs
(hBCs) in z
2. solution uϕ,II(r, z) of the hPDE with hBCs in r, but iBCs in z
3. solution uϕ,III(r, z) of the iPDE (8) with both hBCs in r and z
2.1 Solution uϕ,I(r, z)
By analogy with [1], the ansatz (9) turns the hPDE
r2 u′′ϕ(r, z) + r u
′
ϕ(r, z)− uϕ(r, z) + r2 üϕ(r, z) = 0, ∀(r, z) ∈ D, (11)
into the problem
R′′(r)
R(r)
+
1
r
R′(r)
R(r)
− 1
r2
= − Z̈(z)
Z(z)
!
= l, ∀(r, z) ∈ D (12)
with l ∈ R1, that separates into the two ODEs
−Z̈(z)− l Z(z) = 0, ∀z ∈ (0, L), (13)
r2R′′(r) + r R′(r)− (1 + l r2)R(r) = 0, ∀r ∈ (0, ra) (14)
for the non-zero functions R and Z, respectively. Furthermore, (9) turns the hBCs in z corresponding to (6)
and (7) into
Z(0)
!
= 0
!
= Z(L). (15)
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2.1.1 Eigenvalue problem for Z(z)
The eigenvalue problem (EVP)
−Z̈(z) = l Z(z), ∀z ∈ (0, L), Z(0) = Z(L) = 0 (16)
evolving from (13) and the hBCs (15) is analog to the one considered in [1], and thus, it has a (non-trivial)
solution in case of l > 0, only: The eigenvalues l ≡ ln = (nπL )
2 and the corresponding eigenfunctions Z(z) ≡
Zn(z) = sin(
nπ
L z) for n = 1, 2, ... finally result in
uϕ,I(r, z) =
∞∑
n=1
Rn(r) sin(
nπ
L
z), ∀(r, z) ∈ D. (17)
2.1.2 Bessel ODE for Rn(r)
The eigenvalues ln
(16)
= (nπL )
2 > 0 calculated in section 2.1.1 convert (14) – for fixed n ∈ N and under consider-
ation of (8) – into
r2R′′n(r) + r R
′
n(r)− (1 + ln r2)Rn(r) = 0, ∀r ∈ (0, ra) (18)
determining the functions Rn(r) in (17). Thus, (18) is a homogeneous ODE (hODE) of Bessel-type and has
(for fixed n ∈ N) the solution
Rn(r) = An I1(
√
ln r) +BnK1(
√
ln r), ∀r ∈ [0, ra] (19)
with coefficients An, Bn ∈ R1 and the so-called modified Bessel functions I1, K1 : R1 → R1 [5, 6]. Due to
lim
r→0+
K1(
√
ln r) = +∞, it follows for physical reasons (finite displacements of material) that Bn = 0, n = 1, 2, ....
Implementing (19) into (17) yields
uϕ,I(r, z) =
∞∑
n=1
An I1(
√
ln r) sin(
nπ
L
z), ∀(r, z) ∈ D (20)
with the (yet unknown) real coefficients An, that are to be specified by the iBC in r, i.e. (5), in the following.
2.1.3 Consideration of the iBCs in r
The use of (20) in (5) leads to the linear equation
Φ1(z)
(5)
= uϕ,I(ra, z)
(20)
=
∞∑
n=1
An I1(
√
ln ra) sin(
nπ
L
z), ∀z ∈ (0, L) (21)
for the coefficients An. By analogy with [1, 2], multiplication of equation (21) with sin(
κπ
L
z) for κ = 1, 2, ...
and integration according to
∫ L
z=0
(·) dz [4] turns (21) into∫ L
z=0
Φ1(z) sin(
κπ
L
z) dz
!
=
∫ L
z=0
[ ∞∑
n=1
An I1(
√
ln ra) sin(
nπ
L
z) sin(
κπ
L
z)
]
dz, κ = 1, 2, ... (22)
and is solved for the coefficients An, which leads to
Aκ =
2
L
1
I1(
√
lκ ra)
∫ L
z=0
Φ1(z) sin(
κπ
L
z) dz, κ = 1, 2, ... . (23)
Thus, with ln = (
nπ
L )
2 from section 2.1.1, the final expression for uϕ,I(r, z) can be written as
uϕ,I(r, z) =
2
L
∞∑
n=1
[
I1(
nπ
L r)
I1(
nπ
L ra)
∫ L
z=0
Φ1(z) sin(
nπ
L
z) dz
]
sin(
nπ
L
z), ∀(r, z) ∈ D. (24)
Remark: If the coefficients Aκ in (23) are desired to be – for their usage in (24) – further specified as e.g. done
in [1, 2] and also in the below, the function Φ1(z) in (5) has to be specified itself. By analogy with [1, 2],
the context of this study assumes Φ1(z) to be linear in z in first-order approximation. With measured values
Φ̂1L ≈ Φ1(L) and Φ̂10 ≈ Φ1(0), i.e.
Φ1(z)
!
=
1
L
[
Φ̂1L z + Φ̂10 (L− z)
]
, with Φ̂1L, Φ̂10 ∈ R1, (25)
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so that the unknown coefficients Aκ can be derived from (23), yielding
Aκ =
2
π
1
κ I1(
√
lκ ra)
[
(−1)κ+1 Φ̂1L + Φ̂10
]
, κ = 1, 2, ... . (26)
In this case, (24) simplifies to
ûϕ,I(r, z) =
2
π
∞∑
n=1
(−1)n+1 Φ̂1L + Φ̂10
n
I1(
nπ
L r)
I1(
nπ
L ra)
sin(
nπ
L
z), ∀(r, z) ∈ D. (27)
2.2 Solution uϕ,II(r, z)
Analog to section 2.1, the ansatz (9) simplifies the hPDE (11) to (12) with the hBC in r, i.e.
R(ra)
!
= 0. (28)
Hence, under consideration that the ODE (14) is also valid at r = 0, an analogous procedure as in section 2.1
is used to find solution uϕ,II(r, z).
2.2.1 Bessel ODE for R(r)
As shown above, (12) implies the hODE of Bessel-type (14) with l ∈ R1. Thus, a case study of the following
solutions (for r ∈ [0, ra] with A,B ∈ R1) with respect to the sign of l becomes necessary:
1. l > 0: R(r) = AI1(
√
l r) +BK1(
√
l r)
2. l = 0: R(r) = Ar +
B
r
3. l < 0: R(r) = AJ1(
√
−l r) +B Y1(
√
−l r)
Above, the modified Bessel functions I1 and K1 (see section 2.1), as well as the Bessel functions J1 and
Y1 : R1 → R1 are denoted according to [5, 6].
Considering the hBC (28) implicates a non-trivial solution for the case l < 0, only: By analogy with [1], e.g. l > 0
does not apply due to the consequence of lim
r→0+
K1(
√
l r) = +∞ and I1(x) 6= 0, ∀x ∈ R1. For l < 0, B
!
= 0 is
obtained when taking into account lim
r→0+
Y1(
√
−l r) = −∞. Therefore, (28) implies the eigenvalue equation
J1(
√
−l ra)
!
= 0, l ∈ R1, l < 0, (29)
resulting in the eigenvalues and corresponding eigenfunctions ln
!
= −
(
j1,n
ra
)2
and R(r) ≡ Rn(r) = J1(
j1,n
ra
r),
respectively.
Here, j1,n, n = 1, 2, ... are the zeros of the function J1, i.e. j1,1 ≈ 3.8317059702..., j1,2 ≈ 7.0155866698...,
j1,3 ≈ 10.1734681351..., etc. [7].
Thus, uϕ,II(r, z) can be written as
uϕ,II(r, z) =
∞∑
n=1
Zn(z) J1(j1,n
r
ra
), ∀(r, z) ∈ D, (30)
with coefficients Zn(z), n = 1, 2, ... that are determined below.
2.2.2 Eigenvalue problem for Zn(z)
Inserting the eigenvalues ln < 0 above into (12) leads for fixed values of n ∈ N to the ODE
−Z̈n(z) = ln︸︷︷︸
=:−l̃2n
Zn(z), ∀z ∈ (0, L), (31)
determining the functions Zn(z) with l̃n = l̃n(ln) = j1,n/ra > 0. For fixed n ∈ N, the solution is
Zn(z) = C1,n e
l̃nz + C2,n e
−l̃nz, ∀z ∈ [0, L], (32)
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but with regard to the BCs (6) and (7), (32) is converted as in [1] into the more suitable form of
Zn(z) = C̃1,n
sinh(l̃n[L− z])
sinh(l̃nL)
+ C̃2,n
sinh(l̃nz)
sinh(l̃nL)
, ∀z ∈ [0, L], (33)
so that C̃1,n = Zn(0) and C̃2,n = Zn(L). Inserted into (30), it follows for fixed n ∈ N that
uϕ,II(r, z) =
∞∑
n=1
[
C̃1,n
sinh(l̃n[L− z])
sinh(l̃nL)
+ C̃2,n
sinh(l̃nz)
sinh(l̃nL)
]
J1(j1,n
r
ra
), ∀(r, z) ∈ D. (34)
The (unknown) real coefficients C̃1,n, C̃2,n ∈ R1 are determined in the following section by using the iBCs in z.
2.2.3 Consideration of the iBCs in z
Using (34) in the iBCs in z, i.e. (6) and (7), implies for fixed n ∈ N the linear equation system
Ψ0(r)
(6)
= uϕ,II(r, 0)
(34)
=
∞∑
n=1
C̃1,n J1(j1,n
r
ra
), ∀r ∈ [0, ra] (35)
Ψ1(r)
(7)
= uϕ,II(r, L)
(34)
=
∞∑
n=1
C̃2,n J1(j1,n
r
ra
), ∀r ∈ [0, ra] (36)
for the coefficients C̃1,n and C̃2,n.
By analogy with [1], the orthogonality relation [8]∫ ra
r=0
J1(j1,m
r
ra
) J1(j1,n
r
ra
) r dr =
r2a
2
J22 (j1,m) δmn, ∀(m,n) ∈ N× N, (37)
for any Bessel eigenfunction J1(j1,m
r
ra
) on an interval r ∈ [0, ra] and the weighting factor r converts (35) and
(36) into
C̃1,m
!
=
2
r2a J
2
2 (j1,m)
∫ ra
r=0
Ψ0(r) J1(j1,m
r
ra
) r dr, ∀m ∈ N, (38)
C̃2,m
!
=
2
r2a J
2
2 (j1,m)
∫ ra
r=0
Ψ1(r) J1(j1,m
r
ra
) r dr, ∀m ∈ N, (39)
respectively.
Finally, uϕ,II(r, z) can be written ∀(r, z) ∈ D as
uϕ,II(r, z) =
2
r2a
∞∑
n=1
[
1
J22 (j0,n)
sinh(
j1,n
ra
[L− z])
sinh(
j1,n
ra
L)
∫ ra
r=0
Ψ0(r) J1(j1,n
r
ra
) r dr
]
J1(j1,n
r
ra
)
+
2
r2a
∞∑
n=1
[
1
J22 (j0,n)
sinh(
j1,n
ra
z)
sinh(
j1,n
ra
L)
∫ ra
r=0
Ψ1(r) J1(j1,n
r
ra
) r dr
]
J1(j1,n
r
ra
).
(40)
Remark: Analog to the remark in section 2.1.3, the functions Ψ0(r) and Ψ1(r) in (6) and (7) have to be
specified themselves for any further simplification of (40). Below, by analogy with [1], Ψ0(r)
!
= 0, ∀r ∈ [0, ra]
and Ψ1(r) linear in r (in first-order approximation) is used. For the latter, the measured values Ψ̂1a ≈ Ψ1(ra)
and Ψ̂10 ≈ Ψ1(0) imply
Ψ1(r)
!
=
1
ra
[
Ψ̂1a r + Ψ̂10 (ra − r)
]
, with Ψ̂1a, Ψ̂10 ∈ R1. (41)
Thus, the integrals in (38) and (39) can be evaluated for these specific functions. Firstly, the above Ψ0(r) and
(38) directly lead ∀m ∈ N to C̃1,m = 0. Secondly, in case of the above Ψ1(r), (39) turns into
C̃2,m =
2
r2a J
2
2 (j1,m)
[
Ψ̂1a − Ψ̂10
ra
∫ ra
r=0
J1(j1,m
r
ra
) r2 dr + Ψ̂10
∫ ra
r=0
J1(j1,m
r
ra
) r dr
]
, ∀m ∈ N. (42)
Both of the above integrals in (42) can be solved when (i) using integration by parts, leading to∫ x
t2 J1(t) dt = x
2 (1− J0(x))− 2
∫ x
t (1− J0(x)) dt, (43)∫ x
t J1(t) dt = x (1− J0(x))−
∫ x
(1− J0(x)) dt, (44)
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by application of (cf. 9.1.28 in [6]) ∫ x
J1(t) dt = −J0(x), (45)
and when (ii) implementing the expressions (cf. 9.1.28 and 11.1.7 in [6], respectively)∫ x
t J0(t) dt = xJ1(x), (46)∫ x
J0(t) dt = xJ0(x) +
π
2
x [H0(x) J1(x)−H1(x) J0(x)] , (47)
into (43) and (44), respectively. In (47), H0, H1 : R1 → R1 denote the Struve functions [5, 6].
Consequently, easy calculation yields
C̃2,m = −
J0(j1,m)
j1,m J22 (j1,m)
[
2Ψ̂1a + π Ψ̂10H1(j1,m)
]
, ∀m ∈ N. (48)
Finally, (40) simplifies ∀(r, z) ∈ D to
ûϕ,II(r, z) = −
∞∑
n=1
J0(j1,n)
j1,n J22 (j1,n)
sinh(
j1,n
ra
z)
sinh(
j1,n
ra
L)
J1(j1,n
r
ra
)
[
2Ψ̂1a + π Ψ̂10H1(j1,n)
]
. (49)
2.3 Solution uϕ,III(r, z)
The solution uϕ,III(r, z) of the iPDE (8) with the corresponding set
uϕ,III(ra, z)
!
= 0, ∀z ∈ (0, L) (50)
uϕ,III(r, 0)
!
= 0, ∀r ∈ [0, ra] (51)
uϕ,III(r, L)
!
= 0, ∀r ∈ [0, ra] (52)
of hBCs (instead of the iBCs (5)-(7)) is obtained below according to the possibility shown in [1] using the ansatz
uϕ,III(r, z) =
∞∑
n=1
Ĉn(r) sin(
nπ
L
z), ∀(r, z) ∈ D (53)
with the coefficients Ĉn(r), yet to determine.
(53) is reasonable due to the fact of the functions Zn(z) = sin(
nπ
L z) being the eigenfunctions of the EVP (16).
Besides fullfilling (51) and (52), (53) implies
üϕ,III(r, z) = −
π2
L2
∞∑
n=1
n2 Ĉn(r) sin(
nπ
L
z), ∀(r, z) ∈ D (54)
and hence (with (8))
∞∑
n=1
[
r2 Ĉ ′′n(r) + r Ĉ
′
n(r)− (1 +
(nπ
L
r
)2
) Ĉn(r)
]
sin(
nπ
L
z) = 4 εplrϕ r, ∀(r, z) ∈ D. (55)
Therefore and by analogy with [1], the solution strategy includes the following steps:
1. Expansion of the right-hand side of the iPDE (55) into an infinite series
∞∑
n=1
R̂n(r) sin(
nπ
L
z), ∀(r, z) ∈ D (56)
2. Deriving BVPs from (55), (56) and (50) for the functions Ĉn, n = 1, 2, ...
3. Solving these BVPs for Ĉn, n = 1, 2, ...
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2.3.1 Expansion of the inhomogeneity by eigenfunctions
According to (56), the inhomogeneity of (55) is expanded in terms of the eigenfunctions of the EVP (16) in
order to determine the coefficients R̂n(r):
4 εplrϕ r
!
=
∞∑
n=1
R̂n(r) sin(
nπ
L
z), ∀(r, z) ∈ D (57)
Analog to the procedure in section 2.1.3, multiplying (57) with sin(κπL z) and integrating according to
∫ L
z=0
(·) dz
implicates
4 εplrϕ r
∫ L
z=0
sin(
κπ
L
z) dz
!
=
∞∑
n=1
R̂n(r)
∫ L
z=0
sin(
nπ
L
z) sin(
κπ
L
z) dz
= R̂κ(r)
∫ L
z=0
sin2(
κπ
L
z) dz, ∀r ∈ (0, ra) (58)
and furthermore
R̂κ(r) = R̂κ =
{
0 for κ = 2m,
16
κπ ε
pl
rϕ for κ = 2m− 1,
with m = 1, 2..., ∀r ∈ (0, ra). (59)
2.3.2 Deriving BVPs for the functions Ĉn
Using (55), (57) and (50), for n = 1, 2, ..., results in the BVPs
r2 Ĉ ′′n(r) + r Ĉ
′
n(r)− (1 +
(nπ
L
r
)2
) Ĉn(r) = R̂n, ∀r ∈ (0, ra), Ĉn(ra) = 0, (60)
for the functions Ĉn with R̂n from (59), i.e. the Bessel-type ODEs
r2 Ĉ ′′n(r) + r Ĉ
′
n(r)− (1 +
(nπ
L
r
)2
) Ĉn(r) =
{
0 for n = 2m,
16
nπ ε
pl
rϕ for n = 2m− 1,
with m = 1, 2... . (61)
Hence, these ODEs – both inhomogeneous and homogeneous – are solved ∀r ∈ (0, ra) when considering the
hBC Ĉn(ra) = 0 (see below).
2.3.3 Implementation of the approach above into the iPDE
The general solution of (61) is
uϕ,III(r, z) =
∞∑
m=1
[
Ĉ2m−1(r) sin(
(2m− 1)π
L
z) + Ĉ2m(r) sin(
2mπ
L
z)
]
, ∀(r, z) ∈ D (62)
with, ∀r ∈ [0, ra], the coefficients
Ĉ2m−1(r) = A2m−1 I1(a2m−1 r) +B2m−1K1(a2m−1 r)−
16 εplrϕ
a32m−1 L
1
r
(63)
Ĉ2m(r) = A2m I1(a2m r) +B2mK1(a2m r) (64)
and the real (yet unknown) parameters A2m, B2m, A2m−1, B2m−1 and the abbreviation aµ :=
µπ
L with µ = 2m,
2m − 1 (m = 1, 2, ...). On the one hand, the hODE in (61) corresponds to the Bessel-type analog (18) in
section 2.1.2 and thus, due to the known aµ > 0, has the solution (64) [5, 6]. On the other hand, (63) includes
the particular solution for the specific right-hand side of the iODE in (61).
Hence, by analogy with section 2.1.2, B2m
!
= 0 follows immediately for m = 1, 2, ... . Furthermore, B2m−1
!
=
16 εplrϕ
a22m−1 L
arises from the physical demand that |uϕ,III(r, z)| <∞ and the fact that
lim
r→0+
K1(a2m−1 r) = lim
r→0+
1
2
Γ(1) (
1
2
a2m−1 r)
−1 = lim
r→0+
1
a2m−1 r
(65)
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with Γ: R1 → R1 being the Gamma function [6]. The coefficients A2m−1, A2m ∈ R1 for m = 1, 2, ... are
determined by using (50), which implicates ∀z ∈ (0, L)
0
!
= uϕ,III(ra, z)
=
∞∑
m=1
[
A2m−1 I1(a2m−1 ra)−
16 εplrϕ
a22m−1 L
(
1
a2m−1 ra
−K1(a2m−1 ra)
)]
sin(a2m−1 z)
+
∞∑
m=1
A2m I1(a2m ra) sin(a2m z), (66)
and thus, for m = 1, 2, ..., results in
A2m−1
!
=
16 εplrϕ
a22m−1 L
1
I1(a2m−1 ra)
(
1
a2m−1 ra
−K1(a2m−1 ra)
)
(67)
A2m
!
= 0. (68)
Therefore, the final form of the solution uϕ,III(r, z) can be written ∀(r, z) ∈ D as
uϕ,III(r, z) =
16 εplrϕ L
π2
∞∑
m=1
1
(2m− 1)2
sin(
(2m− 1)π
L
z)·[
I1(
(2m−1)π
L r)
I1(
(2m−1)π
L ra)
(
L
(2m− 1)π ra
−K1(
(2m− 1)π
L
ra)
)
+K1(
(2m− 1)π
L
r)− L
(2m− 1)π
1
r
]
.
(69)
2.4 Total solution uϕ(r, z)
The (total) solution uϕ(r, z) ∀(r, z) ∈ D of the iBVP, given by (4)-(7) in section 1.2, equals the superposition
of the partial solutions according to (10). Thus, uϕ(r, z) consists of the results (24), (40) and (69). Moreover,
in case of special linear iBCs, e.g. here (25), (41) and especially Ψ0(r)
!
= 0,∀r ∈ (0, ra), the partial solutions
uϕ,I(r, z) and uϕ,II(r, z) simplify to ûϕ,I(r, z) and ûϕ,II(r, z) as given in (27) and (49) respectively, hence, resulting
in a simplified total solution ûϕ(r, z).
3 Preliminary conclusions
The study of an analytical solution of the iBVP given above was done in analogy with [1] and concludes the
following statements:
1. The total solution uϕ(r, z) which fullfills the given iPDE (4) with ε
pl
rϕ ∈ R1 consists of the superposition
of the three non-trivial partial solutions uϕ,i(r, z), i = I, II, III, given in (24), (40) and (69).
2. In case of the specific (linear) assumptions for Φ1(z), Ψ0(r) and Ψ1(r), made in the context of this study,
the above partial solutions uϕ,I(r, z) and uϕ,II(r, z), have to be replaced by ûϕ,I(r, z) and ûϕ,II(r, z), given
in (27) and (49), respectively.
Furthermore, there are in analogy with [1] cases of iPDEs of the form
r2
∂2
∂r2
ūϕ(r, z) + r
∂
∂r
ūϕ(r, z)− ūϕ(r, z) + r2
∂2
∂z2
ūϕ(r, z) = 4 ε̄
pl
rϕ(r, z), ∀(r, z) ∈ D, (70)
with the above iBCs (5)–(7), in which analytical solutions exist for certain functions ε̄plrϕ : D → R1 (not shown
completely in this paper). In these cases, the solution strategy presented can be extended to such iPDEs:
The partial solution ūϕ,III(r, z) has to be calculated corresponding to the new inhomogeneity in (70), only.
Especially, both partial solutions ūϕ,I(r, z) and ūϕ,II(r, z) are (in case of the identical iBC set (5)-(7)) identical
to uϕ,I(r, z) and uϕ,II(r, z) given above, respectively.
4 Conclusion
The analytical solution of the iBVP considered above is derived in detail, finding the general solution as well as
expatiating it on the specific case of linear iBC. Therefore, the presented results can lead easily to the solution
of various applicational problems when implementing an user-defined substitution of the general iBCs.
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